Abstract. It is shown that in some generic cases the identity component of the group of leaf preserving diffeomorphisms (with not necessarily compact support) on a foliated open manifold is perfect. Next, it is proved that it is also bounded, i.e. bounded with respect to any bi-invariant metric. It follows that the group is uniformly perfect as well.
Let (M, F) be a foliated manifold. We say that a diffeomorphism f :
where L x is the leaf of F passing through x. By Diff ∞ c (M, F) we denote the group of leaf preserving diffeomorphisms of M which are isotopic to the identity through compactly supported isotopies of leaf preserving diffeomorphisms.
The following result is due to Rybicki [13] (and independently Tsuboi [18] ). M compactly isotopic to the identity is simple. In the case of C r -diffeomorphisms with r large and finite it is very likely that Theorem 1.1 is no longer true. See a discussion on this problem in [7] .
Observe that the group Diff ∞ c (M, F) is locally contractible (cf. [14] ) and, consequently, connected.
For any manifold M let Diff r (M ) be the group of all C r -diffeomorphisms on M which are isotopic to the identity, r = 0, 1, . . . , ∞. We have the following result by McDuff [12] on the structure of diffeomorphism or homeomorphism groups of an open manifold. [3, 5, [8] [9] [10] 17] ). Especially the problem of perfectness of the group Diff r c (M ) for r = dim M + 1 is still open. But there are arguments (cf. [7, 11] ) that the group Diff n+1 c (M ) would not be perfect. Let M be a connected compact manifold of dimension n ≥ 1. We will deal with the
we denote the group of all leaf preserving C ∞ -diffeomorphisms which can be joined with the identity by smooth isotopies (resp. compactly supported smooth isotopies) of leaf preserving C ∞ -diffeomorphisms.
Our first goal is the following result being an analogue of Theorem 1.1.
Of course G k c is also perfect in view of Theorem 1.1. On the other hand, Theorem 1.3 is probably no longer true for finite r > 0, similarly Theorem 1.1.
The next results are related with the notion of boundedness. Recall that a group is called bounded if it is bounded with respect to any bi-invariant metric.
We will also prove (see Theorem 3.3) that the subgroup G k c is bounded. On the other hand, it might be very difficult to prove for an arbitrary smooth foliated manifold that the group Diff The problem of the boundedness of groups of diffeomorphisms is closely related to the problem of uniform perfectness (cf. [4] ). Group G is called uniformly perfect if G is perfect and there exists a positive integer N such that any g ∈ G can be expressed as a product of at most N commutators of elements of G. If G is perfect then cl G (g), the commutator length of g ∈ G, is the smallest N such that g can be represented by a product of N commutators. For any perfect group G denote by cld G the commutator length diameter of G, i.e.
Recently Burago, Ivanov and Polterovich [4] and, independently, Tsuboi [19] proved basic results concerning the uniform perfectness of diffeomorphism groups of many manifolds. In contrast to the problem of perfectness these results depend essentially on the topology of the underlying manifold. These results generalize older ones, e.g. [2] . See also Rybicki [15] and Abe-Fukui [1] .
The following result is a consequence of Theorem 1.4 and Lemma 2.4.
In this paper we use several ideas from the non-foliated case (see Rybicki [15] ).
THE PROOF OF THEOREM 1.3
We have the following version of Isotopy Extension Theorem.
Proof. The proof is analogous to the usual (non-foliated) case (cf. [6] ).
See that the above theorem is still valid for M noncompact.
In the sequel for an open set U we denote by G k U the subgroup of G k containing elements which can be joined with the identity through isotopies in G k compactly supported in U .
Recall that a subset V ⊆ N of an open manifold N is called a neighbourhood of infinity if N \ V is compact. We say that N is one-ended if every neighbourhood of infinity contains connected neighbourhood of infinity. Note that
of closed neighbourhoods of infinity such that
In the case k = 1 the manifold M (k) has two ends. We will omit the proof in this case as it is analogous to the case k ≥ 2. Proposition 2.2. We have the following properties:
tending increasingly to infinity and h
Proof. Let g ∈ G k and let g t be an isotopy from Id to g in G k . We take U a neighbourhood of t∈ [0, 1] (2) we proceed by induction. Assume that we have chosen sequence
t we obtain (2). Now let {α i } i∈N be as in (3) . We take an isotopy τ : 
. . then the familyg i is inconsistent and we cannot glue-upg i .
Proof of Theorem 1.3. To show that G
k is perfect it is enough to show that 
Hence g is a product of commutators of elements from
Remark 2.6. Let us observe that it is rather hopeless to obtain the above theorem for any foliated open manifold as it was done in Theorem 1.1 for the compactly supported case. We conjecture, however, that the compactness assumption on M in Theorem 1.3 can be omitted.
We also have the following theorem.
Proof. We proceed as in the proof of Theorem 1.3 but we need some modifications of proofs of Proposition 2.2 and Lemma 2.4. First, let g t be an isotopy in Diff
From Theorem 2.1 we may assume that all constructed mappings in Proposition 2.2 (1), (2) have supports contained in N × R k . Next, to prove (3) we define τ as above and we fix ξ : M → R of class C ∞ such that ξ = 1 on N and ξ = 0 over a compact set.
Now as in the proof of Lemma 2.4 we get for
We will proceed with h.
Let {α i } be the sequence used in the construction of τ . We defineh ∈ Diff
Analogouly we obtainh. Hence every g as above may be represented as two commutators. Using Theorem 1.1 we get that Diff
BOUNDEDNESS AND UNIFORM PERFECTNESS OF THE GROUP G k
The notion of the conjugation-invariant norm is a basic tool in studies of the boundedness of groups. Let G be a group. A conjugation-invariant norm on G is a function ν : G → [0, ∞) which satisfies the following conditions. For any g, h ∈ G:
It is easy to see that if H is a subgroup of G and if ν is a conjugation-invariant norm on G then ν| H is a conjugation-invariant norm on H. It is also easily seen that G is bounded if and only if any conjugation-invariant norm on G is bounded. Suppose that G is perfect. Then the commutator length cl G is a conjugation-invariant norm on G.
In the sequel we will need some algebraic tools. 
Now we can prove the following theorem. 
U is perfect and hence inequality (3.2) gives us
This completes the proof.
We will use the following obvious fact. 
tending to infinity there exists
f ∈ G k V such that f M × (A k (a 2i−1 , b 2i−1 ) ∪ A k (a 2i , b 2i )) ⊂ M × A k (a 2i , b 2i ) for i = 1,there exists ϕ ∈ G k V of the form ϕ = Id M ×φ withφ(A k (a i , b i )) = A k (ā i ,b i ) for i = 1, 2, . . ..
Proof of Theorem 1.4. Let ν be a conjugation-invariant norm on
is bounded and we may assume that ν(f ) is bounded for every g. It suffices to show that ν(h) is also bounded.
Let V be a neighbourhood of infinity such that h ∈ G k V . From Proposition 2.2 (2) we get a sequence R < a 1 <ā 1 <b 1 < b 1 < . . . 
